The inductive method for measuring the critical current density in a high-temperature superconducting (HTS) film has been reproduced numerically. To this end, a numerical code has been developed for analyzing the time evolution of a shielding current density in an HTS film containing a crack. The of computational results show that the accuracy of the inductive method monotonously increases with the height of the coil. In addition, the accuracy is slightly improved by changing the inner radius of the coil, and there exists the optimum inner radius. Although the accuracy is degraded due to the crack, this result means that the inductive method can be applied to the crack detection. Consequently, the crack located near the film edge cannot be detected with high accuracy because the crack is treated the same as the film edge.
Introduction
As is well known, a critical current density j C is one of the most important parameters for engineering applications of high-temperature superconductors (HTSs). The standard four-probe method [1] has generally been employed for measuring j C . In this method, the procedure is as follows: first, a large-area pad has to be coated with gold or silver to reduce the contact resistance between the HTS sample and the current lead. Next, the metallic coating requires the heat process. However, heating may destroy a sample surface or degrade superconducting characteristics. For this reason, contactless methods have been so far desired for measuring j C .
For measuring j C in an HTS film contactlessly, Claassen et al. have proposed the inductive method [2] . By applying an ac current I(t) = I 0 sin 2π f t to a small coil placed just above an HTS film, they monitored a harmonic voltage induced in the coil. They found that, only when a coil current I 0 exceeds a threshold current I T , the thirdharmonic voltage develops suddenly. They conclude that j C can be evaluated from I T . In contrast, Mawatari et al. elucidated the inductive method on the basis of the critical state model [3] . From their results, they derived a theoretical formula between j C and I T . The inductive method has been successfully employed as the measurement of the j C -distributions and the detection of a crack [4] . The purpose of the present study is to develop a numerical code for analyzing the time evolution of the shielding current density in an HTS film containing a crack and to investigate the influence of a coil shape on the accuracy of the inductive method. In addition, we investigate the influence of the film edge on the crack detection.
Governing Equations and Numerical Method
In Fig. 1 , we show a schematic view of an inductive method. A small M-turn coil of outer radius R, inner radius R in , and height H is placed just above a squared-shaped HTS film of length a and thickness b. An ac current I(t) = I 0 sin 2π f t flows in the coil. Also, we define a distance L between the coil bottom and the film surface.
A square cross-section of the film is denoted by Ω, and the outer boundary of Ω is represented by C 0 . We assume that a crack is included in Ω and its shape is given by an inner boundary C 1 . Moreover, a normal unit vector and a tangential unit vector on C 1 are denoted by n and t, respectively.
We adopt the Cartesian coordinate system O : e x , e y , e z , where z-axis is along the thickness direction, and the origin O is the centroid of the film. In order to determine the coil position, the symmetrical axis of the coil is shown by (x, y) = (x A , y A ).
A shielding current density j in an HTS is closely related to the electric field E. The relation can be written as E = E (| j|) j/ | j| where a function E( j) is given by the power law:
Here, E C is the critical electric field, and N is a constant. As is well known, the YBCO superconductors have a strong crystallographic anisotropy: the current flow in the c-axis direction differs from that in the ab-plane, and the flow along c-axis is almost negligible. Here, the caxis is the direction along z, and it is perpendicular to the ab-plane. On the basis of the fact, we assume the thinlayer approximation [5] . Since the thickness of the HTS film is sufficiency thin that the shielding current density can hardly flow in the thickness direction.
Under the above assumptions, a shielding current density j can be written as j = (2/b)∇S × e z , and the time evolution of the scalar function S (x, t) is governed by the following integro-differential equation [5] :
Here, a bracket denotes an average operator over the thickness of the film, and E is an electromagnetic field.
where both x and x are position vectors in the xy-plane. The explicit form of Q(r) is described in [5] .
The initial condition to (1) is given by S = 0 at t = 0, and boundary conditions are assumed as follows:
Here, s is an arclength along C 1 . In this study, we assume that the surface area of the crack is equal to zero, and the crack passes through in the thickness direction of a film. The boundary condition (4) is the integral form of Faraday's law. By applying the finite element method and the backward Euler method to the initial-boundary-value problem of (1), the problem is reduced to the nonlinear boundary-value problem. By using the Newton method, it is transformed by simultaneous linear equations. Note that h[E] does not vanish numerically. This is mainly because the boundary condition (4) is included in the weak form by discretizing the initial-boundary-value problem of (1). For this reason, we adopt the virtual voltage method [6] proposed by Kamitani et al. Under a numerical method, a numerical code is developed for analyzing the time evolution of a shielding current density j in an HTS film containing a crack.
Throughout the present study, the geometrical and physical parameters are fixed as follows: a = 20 mm, b = 600 nm, E C = 1 mV/m, j C = 1 MA/cm 2 , N = 20, R = 2.5 mm, L = 0.5 mm, M = 400, and f = 1 kHz.
Numerical Results
In this section, we simulate the inductive method by using the numerical code. In the subsections 3.1 and 3.2, we assume an HTS film without a crack, and we take into account the crack in the subsection 3.3. A crack shape is a line segment with the center points (x, y) = (x c , 0) in the xy-plane (see Fig. 2 ). The crack size L c is given by L c = 3.2 mm.
Mawatari's theory
According to Mawatari's theory [2] , a critical current density j C can be easily calculated from
Here, F(r max ) is the maximum value of a primary coilfactor function F(x) [3] determined from the configuration of the coil and the HTS. In addition, I T is a lower limit of the coil current I 0 when a third-harmonic voltage V 3 begins to develop in the coil. An important point is that (5) is also applicable only to an HTS film without any cracks. In order to determine j C , it is necessary to evaluate a threshold current I T when a third-harmonic voltage V 3 begins to develop in the coil. Since it is difficult to determine I T accurately, we use the conventional voltage criterion [3] 
Hence, we get an estimated value I * T of the threshold current I T .
The third-harmonic voltage V 3 is calculated as a function I 0 and is depicted in Fig. 3 . We see from this figure that V 3 gradually develops above the certain value of I 0 . By applying the voltage criterion (6) to the resulting I 0 -V 3 curves, we obtain I * T = 64.4 mA, 97.6 mA, and 133.9 mA for H = 1 mm, 2 mm, and 3 mm, respectively.
Influence of coil shape on accuracy
In this subsection, we investigate the influence of the coil shape on the accuracy of the inductive method. For this purpose, we change the inner radius R in or the height H of the coil. In addition, as a measure of the accuracy, we define a relative error
Here, I
A T is an analytic value of I T , and it is defined by I
In Fig. 4 , we show the dependence of the relative error ε r on the height H. We see from this figure that the relative error ε r monotonously increases with the height H. This is mainly because the slope of the tangent at the threshold current I * T becomes gently when H increases. However, when the height H is too small, it is not preferable in the fabrication of the coil.
In Fig. 5 , we show the dependence of the relative error ε r on the inner radius R in . This figure indicates that ε r decreases with R in for R in ≤ 1.25 mm, whereas, for R in > 1.25 mm, its value increases with R in except for R in = 1.5 mm. Especially, it is found that the accuracy of the inductive method is highest at R in = 1.25 mm.
These results imply that it is preferred to reduce as much as possible the height of the coil. Moreover, It is found that the accuracy of is slightly improved by changing the inner radius, and there exists an optimum radius. In the following, the inner radius R in and the height H are given by R in = 1.25 mm and H = 2 mm.
Crack detection
Let us first investigate how a crack affects the estimated value I * T of the threshold current I T . In Fig. 6 , we show the I 0 -V 3 curves for various x A . By applying the voltage criterion to the I 0 -V 3 curves, we get I * T = 97.6 mA, 52.5 mA, and 33.1 mA for x A = 1 mm, 5 mm, and 9 mm, respectively. Incidentally, the analytic value I On the other hand, the accuracy is remarkably degraded for x A = 5 mm and 9 mm. This is mainly because the orthographic projection of the coil overlaps with the crack or the film edge, and the spatial distribution of shielding current density j is asymmetric about the symmetry axis of the coil (see Fig. 7) .
Next, let us investigate the influence of the film edge on the crack detection. To this end, as a measure of the accuracy, we define another relative error
Here, I after, in order to evaluate the spatial distribution of the relative error ε, we calculate the threshold current I * T at each measurement points in Ω.
In Figs. 8 (a) and (b), we show the contour lines of the relative error ε for the case with x c = 4 mm and x c = 6 mm, respectively. In these figures, a tolerance error ε = 7 % is depicted by the green thick line C. In addition, the region D is depicted by the red shaded region. By using the outer radius R of the coil and the curve C, we determine a defect region D. The reason for using the radius R is because the resolution of the induction method is the outer diameter 2R. Incidentally, the D-evaluation method is described in [6] .
From Fig. 8 (a) , two types of the region D can be obtained. One is a small region containing the crack. The other is a region near the film edge. In contrast, it is found that a region in Fig. 8 (b) becomes large as compared with Fig. 8 (a) . Consequently, the crack located near the film edge cannot be detected with high accuracy because the crack is treated the same as the film edge.
Conclusion
We have developed a numerical code analyzing the time evolution of the shielding current density in an HTS film containing a crack. By using the code, reproducing the inductive method numerically, we assess the influence of a coil shape on the accuracy of the inductive method. In addition, we investigate the influence of the film edge on the crack detection. Conclusions obtained in the present study are summarized as follows:
1. The accuracy of the inductive method is degraded with increasing the height of the coil. This result implies that it is preferred to reduce as much as possible the height. In addition, it is found that the accuracy is slightly improved by changing the inner radius of the coil, and there exists an optimum radius. 2. The crack located near the film edge cannot be detected with high accuracy because the crack is treated the same as the film edge.
For multiple cracks, the number of boundary conditions (4) and (5) increases with the number of cracks. In the future, we will analyze the time evolution of the shielding current density in an HTS containing multiple cracks, and we will numerically investigate the performance of the inductive method in those cases.
